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Abstract We show how existing P systems with active membranes can
be used as modules inside a larger P system; this allows us to simulate
subroutines or oracles. As an application of this construction, which is
(in principle) quite general, we provide a new, improved lower bound to
the complexity class PMCAM(−d,−n) of problems solved by polynomial-
time P systems with (restricted) elementary active membranes: this class
is proved to contain PPP and hence, by Toda’s theorem, the whole poly-
nomial hierarchy.

1 Introduction

P systems with active membranes [5] are known to be able to solve problems
beyond P in polynomial time, by trading space for time. Using membrane divi-
sion rules, an exponential number of membranes is created in polynomial time,
which then compute in parallel, for instance exploring the solution space of an
NP problem.

The exact computing power of P systems with active membranes depends
on which membrane division rules are available. First of all, it can be proved
(Milano theorem [10]) that some form of division is actually necessary in or-
der to go beyond P, otherwise the P system can be simulated sequentially in
polynomial time. When the systems are allowed to divide membranes contain-
ing further membranes (called nonelementary membranes), thus replicating the
whole structure in each copy of the dividing membrane, evenPSPACE-complete
problems become solvable in polynomial time. Usually, this involves constructing
a membrane structure representing a full binary tree with exponentially many
nodes [6,1].

When only membranes not containing further membranes (called elementary)
can divide, the situation becomes more interesting: the systems are still able to
create exponentially many membranes, but they all appear as leaves of the tree,
without the possibility of creating more complicated tree structures. This is still
sufficient not only to solve NP-complete problems [10], but also to count the
number of “positive” candidate solutions in polynomial time; thus, the power of
the whole complexity class PP is captured [4].

In this paper we improve this lower bound by showing how P systems known
to solve some problem (in polynomial time) can be used to simulate oracle quer-



ies, by embedding them into P systems simulating polynomial-time determin-
istic Turing machines. The idea is to provide the input multiset to the embedded
P systems not as part of their initial configuration, but only when the “outer”
P systems require an oracle answer to continue its computation. Whenever this
procedure can be carried out for a family of P systems deciding a language L,
then the whole class PL of languages decidable in polynomial time by Turing
machines with an oracle for L can also be decided efficiently by P systems. We
argue that this applies to most existing solutions described in the literature,
though the formal details may vary.

As a concrete application, we choose L to be the problem of checking whether
the number of assignments satisfying a Boolean formula is greater than a given
threshold. This problem is known to be PP-complete [4], and as a consequence
the class PPP turns out to be solvable in polynomial time by P systems, without
requiring nonelementary division or dissolution rules.

2 Definitions

P systems with active membranes are defined as follows.

Definition 1. A P system with active membranes of initial degree d ≥ 1 is a
tuple Π = (Γ,Λ, µ, w1, . . . , wd, R), where:

– Γ is an alphabet, i.e., a finite non-empty set of symbols of symbols, usually
called objects;

– Λ is a finite set of labels for the membranes;
– µ is a membrane structure (i.e., a rooted unordered tree, usually represented

by nested brackets) consisting of d membranes enumerated by 1, . . . , d; fur-
thermore, each membrane is labeled by an element of Λ, not necessarily in a
one-to-one way;

– w1, . . . , wd are strings over Γ , describing the initial multisets of objects placed
in the d regions of µ;

– R is a finite set of rules.

Each membrane possesses, besides its label and position in µ, another at-
tribute called electrical charge (or polarization), which can be either neutral (0),
positive (+) or negative (−) and is always neutral before the beginning of the
computation.

The rules are of the following kinds:

– Object evolution rules, of the form [a→ w]αh
They can be applied inside a membrane labeled by h, having charge α and
containing an occurrence of the object a; the object a is rewritten into the
multiset w (i.e., a is removed from the multiset in h and replaced by every
object in w).

– Send-in communication rules, of the form a [ ]αh → [b]βh
They can be applied to a membrane labeled by h, having charge α and such
that the external region contains an occurrence of the object a; the object



a is sent into h becoming b and, simultaneously, the charge of h is changed
to β.

– Send-out communication rules, of the form [a]αh → [ ]βh b
They can be applied to a membrane labeled by h, having charge α and
containing an occurrence of the object a; the object a is sent out from h to
the outside region becoming b and, simultaneously, the charge of h is changed
to β.

– Dissolution rules, of the form [a]αh → b
They can be applied to a membrane labeled by h, having charge α and
containing an occurrence of the object a; the membrane h is dissolved and
its contents are left in the surrounding region unaltered, except that an
occurrence of a becomes b.

– Elementary division rules, of the form [a]αh → [b]βh [c]
γ
h

They can be applied to a membrane labeled by h, having charge α, containing
an occurrence of the object a but having no other membrane inside (an
elementary membrane); the membrane is divided into two membranes having
label h and charge β and γ; the object a is replaced, respectively, by b and c
while the other objects in the initial multiset are copied to both membranes.

– Nonelementary division rules, of the form[
[ ]+h1
· · · [ ]+hk

[ ]−hk+1
· · · [ ]−hn

]α
h
→
[
[ ]δh1
· · · [ ]δhk

]β
h

[
[ ]εhk+1

· · · [ ]εhn

]γ
h

They can be applied to a membrane labeled by h, having charge α, con-
taining the positively charged membranes h1, . . . , hk, the negatively charged
membranes hk+1, . . . , hn, and possibly some neutral membranes. The mem-
brane h is divided into two copies having charge β and γ, respectively; the
positive children are placed inside the former, their charge changed to δ,
while the negative ones are placed inside the latter, their charges changed
to ε. Any neutral membrane inside h is duplicated and placed inside both
copies.

Each instantaneous configuration of a P system with active membranes is
described by the current membrane structure, including the electrical charges,
together with the multisets located in the corresponding regions. A computation
step changes the current configuration according to the following set of principles:

– Each object and membrane can be subject to at most one rule per step,
except for object evolution rules (inside each membrane any number of evol-
ution rules can be applied simultaneously).

– The application of rules is maximally parallel : each object appearing on the
left-hand side of evolution, communication, dissolution or elementary divi-
sion must be subject to exactly one of them (unless the current charge of the
membrane prohibits it). The same reasoning applies to each membrane that
can be involved to communication, dissolution, elementary or nonelement-
ary division rules. In other words, the only objects and membranes that do
not evolve are those associated with no rule, or only to rules that are not
applicable due to the electrical charges.



– When several conflicting rules can be applied at the same time, a non-
deterministic choice is performed; this implies that, in general, multiple pos-
sible configurations can be reached after a computation step.

– While all the chosen rules are considered to be applied simultaneously during
each computation step, they are logically applied in a bottom-up fashion:
first, all evolution rules are applied to the elementary membranes, then all
communication, dissolution and division rules; then the application proceeds
towards the root of the membrane structure. In other words, each membrane
evolves only after its internal configuration has been updated.

– The outermost membrane cannot be divided or dissolved, and any object
sent out from it cannot re-enter the system again.

The precise variant of P systems we use in this paper does not use dissolution
or nonelementary division rules.

Definition 2. A P system with restricted elementary active membranes is a
P system with active membranes where only object evolution, send-in, send-out,
and elementary division rules are used.

A halting computation of the P systemΠ is a finite sequence of configurations
C = (C0, . . . , Ck), where C0 is the initial configuration, every Ci+1 is reachable
by Ci via a single computation step, and no rules can be applied anymore in
Ck. A non-halting computation C = (Ci : i ∈ N) consists of infinitely many
configurations, again starting from the initial one and generated by successive
computation steps, where the applicable rules are never exhausted.

P systems can be used as recognisers by employing two distinguished objects
yes and no; exactly one of these must be sent out from the outermost membrane
during each computation, in order to signal acceptance or rejection respectively;
we also assume that all computations are halting. If all computations starting
from the same initial configuration are accepting, or all are rejecting, the P sys-
tem is said to be confluent. If this is not necessarily the case, then we have a
non-confluent P system, and the overall result is established as for nondetermin-
istic Turing machines: it is acceptance iff an accepting computation exists. All
P systems in this paper are confluent.

In order to solve decision problems (i.e., decide languages), we use families
of recogniser P systems Π = {Πx : x ∈ Σ?}. Each input x is associated with
a P system Πx that decides the membership of x in the language L ⊆ Σ? by
accepting or rejecting. The mapping x 7→ Πx must be efficiently computable for
each input length [2].

Definition 3. A family of P systems Π = {Πx : x ∈ Σ?} is said to be
(polynomial-time) uniform if the mapping x 7→ Πx can be computed by two
deterministic polynomial-time Turing machines F (for “family”) and E (for “en-
coding”) as follows:

– The machine F , taking as input the length n of x in unary notation, con-
structs a P system Πn, which is common for all inputs of length n, with a
distinguished input membrane.



– The machine E, on input x, outputs a multiset wx (an encoding of the specific
input x).

– Finally, Πx is simply Πn with wx added to the multiset placed inside its
input membrane.1

Any explicit encoding of Πx is allowed as output, as long as the number of
membranes and objects represented by it does not exceed the length of the whole
description, and the rules are listed one by one. This restriction is enforced in
order to mimic a (hypothetical) realistic process of construction of the P sys-
tems, where membranes and objects are presumably placed in a constant amount
during each construction step, and require actual physical space proportional to
their number; see also [2] for further details on the encoding of P systems.

Finally, we describe how time complexity for families of recogniser P systems
is measured, and their complexity classes [3].

Definition 4. A uniform family of P systems Π = {Πx : x ∈ Σ?} is said to
decide the language L ⊆ Σ? (in symbols L(Π) = L) in time f : N → N iff, for
each x ∈ Σ?,

– the system Πx accepts if x ∈ L, and rejects if x /∈ L;
– each computation of Πx halts within f(|x|) computation steps.

Definition 5. The complexity class PMCAM(−d,−n) consists of all the lan-
guages L decidable in polynomial time by a uniform family of P systems with
restricted elementary active membranes.

3 Simulating Turing machines

Let M be a deterministic Turing machine working in polynomial time p(n). We
design a uniform family of recogniser P systems ΠM simulating M on inputs of
different lengths. This construction is a variant of the one presented in [9].

A Turing machine FM , on input 1n, produces as output a P system ΠM,n

having the following initial configuration:[
h [ ]00 [ ]01 [ ]02 · · · [ ]0p(n)

]0
s .

Each of the membranes having numerical label 0, 1, 2, . . . , p(n) represents one of
the tape cells of M .2 The symbol contained in that cell is encoded by the charge
of the associated membrane: a neutral charge represents a blank, a negative
charge a 0, and a positive one a 1. In the following, we denote by lower case
Greek letters α, β both the tape symbols and the corresponding charges.
1 Notice that this definition of uniformity is (possibly) weaker than the other one
commonly used in membrane computing [3], where the Turing machine F maps
each input x to a P system Πs(x), where s : Σ? → N is a measure of the size of the
input; in our case, s(x) is always |x|.

2 Recall that M cannot visit more than p(n) + 1 tape cells on an input of length n.



During the first computation step, the object h is replaced by h0,q0 using the
following evolution rule:

[h→ h0,q0 ]
0
s .

(The reason for having a different object rather than directly h0,q0 in the initial
configuration will be clarified below.) The object hi,q simulates the tape head
of M : its subscripts denote the current position i on the tape, from 0 to p(n),
and the current state q of M . Their initial values are 0 and q0, i.e., the leftmost
position on the tape and the initial state of M .

The transition function δ : Q×Σ → Q×Γ ×{/, .} of M (where Q is the set
of states, Γ the tape alphabet and /, . denote movement to the left and right
respectively) is implemented by using communication rules, that are replicated
for each possible membrane corresponding to a tape cell. A transition δ(q1, α) =
(q2, β, /) corresponds to the following rules:

hi,q1 [ ]αi → [hi−1,q2 ]
β
i

[hi−1,q2 ]
β
i → [ ]βi hi−1,q2

}
for 0 < i ≤ p(n).

Notice how the first set of rules changes the charge of membrane i (representing
the symbol in the i-th cell) and the two subscripts of hi,q1 (representing head
position and state) according to the transition function δ. The second set of rules
is only used to move back the object hi,q2 to its starting position, i.e., inside the
outermost membrane s. Transitions such as δ(q1, α) = (q2, β, .), that move the
head to the right, are analogous:

hi,q1 [ ]αi → [hi+1,q2 ]
β
i

[hi+1,q2 ]
β
i → [ ]βi hi+1,q2

}
for 0 ≤ i < p(n).

Assuming without loss of generality that the transition function δ is undefined
on the accepting and rejecting states qyes and qno, two further sets of rules are
needed in order for ΠM,n to give the same result as M on its input:

[hi,qyes ]
0
s → [ ]0s yes

[hi,qno ]
0
s → [ ]0s no

}
for 0 ≤ i ≤ p(n).

The size of the membrane structure, the number of different objects and the rules
needed to simulate M are bounded by O(p(n)). Both the membrane structure
and the rules can be computed by the machine F in polynomial time with respect
to that amount.

The input for ΠM,n, encoding the actual string x on which M is to be run,
is computed by another Turing machine EM simply by subscripting the symbols
in x by their position in the string. For instance,

EM (11001) = 1011020314.



This encoding can be clearly computed in polynomial time with respect to the
length of x.

The encoding multiset EM (x) is placed inside membrane s of ΠM,n, and it
is used to initialise the charge of the first n membranes corresponding to tape
cells, according to the following rules:

1i [ ]
0
i → [#]+i

0i [ ]
0
i → [#]−i

}
for 0 ≤ i < n,

where # is a “junk” object that has no role for the rest of the computation.
These rules are applied in parallel during the first computation step, and avoiding
interference with them is the reason why the object hi,q is also introduced only
in that step, after which the real simulation begins.

The family ΠM is thus constructed by FM and EM in polynomial time, and
simulates M on inputs of various lengths in linear time with respect to p(n).

4 Simulating oracle machines

We now show how polynomial-time Turing machines with an oracle for a lan-
guage L can also be simulated, assuming that L itself can be recognised by a
uniform family of P systemsΠL. While the construction we are going to describe
is, in principle, quite general, the technical details depend on the specific family
ΠL and, in particular, on the encoding chosen for the instances of L. Hence, as a
concrete example, we assume that L is the problem Threshold-3SAT, defined
as follows.

Problem 1 (Threshold-3SAT). Given a 3CNF Boolean formula ϕ over m
variables and a non-negative integer k < 2m, do more than k assignments (out
of 2m) satisfy it?

This problem, which is PP-hard, has been recently proved [4] to be solvable
in polynomial time by a uniform family of P systems with restricted elementary
active membranes; as a consequence, the result PP ⊆ PMCAM(−d,−n) holds.
By selecting Threshold-3SAT as the oracle language we can prove a better
lower bound to this complexity class.

Theorem 1. PPP ⊆ PMCAM(−d,−n).

The instances of Threshold-3SAT are Boolean formulae in ternary con-
junctive normal form, that is, conjunctions of clauses consisting of a disjunction
of three literals (i.e., optionally negated variables) where each variable occurs
at most once in each clause. There are 8

(
m
3

)
possible clauses over m variables

(there are
(
m
3

)
subsets of 3 variables out of m, and 23 ways to negate them);

hence a Boolean formula ϕ with that number of variables can be encoded as a
binary string of length 8

(
m
3

)
, where the i-th bit is 1 if the i-th clause (under

some fixed ordering) actually appears in ϕ, and 0 otherwise. Since the integer



k can be encoded using further m bits, the total length of the encoding of an
instance of Threshold-3SAT is 8

(
m
3

)
+m.

Now letM be a polynomial-time Turing machine with access to an oracle for
Threshold-3SAT. We make a number of assumptions about the functioning of
M in order to simplify the simulation. (None of these assumptions causes a loss
of generality, since we only care about polynomial running time and not about
the precise polynomial.) First of all, we assume that M has a single tape, which
is used as input space, scratch space, and as a place to write the oracle queries.
The oracle querying procedure works as follows: first M writes down the query
string y on the tape, then it moves the head to the first symbol of y, and finally
enters the query state q?. In the next computation step, the state of M will be
changed, in order to reflect the answer of the oracle to the question “is y ∈ L?”,
to qy or qn, and the tape head will be repositioned to the first tape cell. A further
assumption we are allowed to make is that all query strings have the same length
` = 8

(
m
3

)
+m, where ` is the largest integer of that form to be less than or equal

to p(n); this is due to the fact that a pair (ϕ1, k1), where ϕ1 is a formula over m1

variables, is a positive instance of Threshold-3SAT if and only if (ϕ2, k2) is,
where ϕ2 is a formula having the same clauses of ϕ1 but over m2 ≥ m1 variables
(i.e., ϕ2 is a padded version of ϕ1) and k2 = 2m2−m1 × k1 (i.e., the number
of required assignments is increased in order to reflect the fact that the “new”
variables xm1+1, . . . , xm2

do not actually appear in ϕ2, hence their truth values
do not change the overall evaluation of the formula). By choosing an appropriate
encoding, each instance can be brought to length ` just by padding ϕ1 and k1
with enough zeroes; see the original paper [4] for the details.

LetΠ` ∈ΠL be the P system associated to the Threshold-3SAT instances
of length ` = 8

(
m
3

)
+m. This P system has the following initial configuration [4]:[

[i`−m]0e [ ]0k0
· · · [ ]0km−1

ot+1 not+3

]0
in

where t = 4` − 3m + 4. The input for Π` is placed inside membrane in, and it
consists of an encoding of (ϕ, k) described as follows:

EL(ϕ, k) = {ci : the i-th clause does not appear in ϕ, for 1 ≤ i ≤ 8
(
m
3

)
} ∪

{ki : the i-th bit of k (counting from 0) is 1, for 0 ≤ i ≤ m− 1}.

We construct the P system ΠM,n simulating M on inputs of length n as
follows: [

h [ ]00 [ ]01 [ ]02 · · · [ ]02p(n)[Π`]
0
q[Π`]

0
q . . . [Π`]

0
q[ ]

0
a
]0
s .

This initial configuration contains p(n) copies of Π`, each one enclosed by a fur-
ther membrane having label q. The number p(n) is chosen as it is the maximum
number of queries thatM can perform3. However, the initial configuration of the
3 Although, for the sake of a simpler exposition, this configuration contains several
membranes having the same label, the labels can be made unique by subscripting
them and replicating the rules accordingly (this does not affect the construction time
by more than a polynomial amount).



embedded P systems Π` is changed by erasing the initial objects and keeping
only the membrane structure and the rules; this is required in order for these
P systems to avoid starting their computation immediately, as their input will
be provided later during the computation of ΠM,n. Membrane a will be used to
store (in its charge) the result of an oracle query.

Notice how the number of simulated tape cells has been increased to 2p(n)+1:
this is due to the fact that we require all query strings to be of length `, hence
we need to leave extra space on the tape for padding them to this length.

The simulation of M by ΠM,n works exactly as in Section 3 as long as M
does not enter its query state. We shall describe how oracle queries are simulated,
first in an informal way, then by giving all the technical details.

4.1 Informal description of the simulation of oracle queries

This is an overview of the oracle query simulation:

1. The tape positions corresponding to the query string are inspected, and the
multiset of objects w encoding it is produced.

2. At the same time, one of unused copies of the embedded P systems Π` is
chosen; it will be used to simulate the current query.

3. The objects in w are moved to their initial position inside that copy of Π`.
4. The objects missing from the initial configuration of Π` are created and

moved to the correct membranes.
5. Now the embedded P system performs its computation as in [4], and produces

the answer to the query.
6. Finally, the answer is communicated to the object simulating the tape head

of M ; it switches to the corresponding state and resumes simulating the
Turing machine.

In more details, the procedure works as follows. When M enters the query
state q?, the object hi,q? is produced and moved to membrane s. According to
the convention described above, the query string y (necessarily of length `) is
now located on tape cells i, . . . , i+ `− 1.

First, the object hi,q? is rewritten into the following multiset:

h′i,q? c′1,i c′2,i+1 · · · c′`−m,i+`−m−1 k′0,i+`−m k′1,i+`−m+1 · · · k′m−1,i+`−1

The objects cj,i and kj,i represent potential input objects cj and kj for an
instance of Π`, which will be actually produced depending on the particular
query string y. The procedure is the following one: each object cj,i and kj,i enters
the corresponding membrane j, and is either rewritten into a “junk” object #,
or sent out as cj or kj depending on the symbol contained in the tape cell (thus
simulating the encoding machine EL described above).

In the mean time, the object h′i,q? nondeterministically selects one of the
neutral membranes having label q and “opens” it by setting its charge to positive.
The P system Π` contained inside that membrane will be used to answer the



current query. The object is moved back as w` to membrane s, where it “waits”
for ` steps by decreasing its subscript.

While the object w waits, the objects cj and kj that were actually produced
(there are at most ` of them) move through the positive membrane q and inside
the membrane s of the selected copy of Π`, thus reaching their initial position.
At that point, the subscript of w will have reached 0. The object w0 then enters
the active instance of Π`, and inside membrane s it produces by evolution the
objects i`−m+1, ot+2, and not+4, and is itself rewritten into w′0. Notice how
the subscripts of i, o, and no are incremented by one: this is done in order to
give the opportunity to i`−m+1 to move (as i`−m) to its initial position inside
membrane e, and also to w′0 to exit Π` and move back to membrane q.

While w′0 moves to membrane s, the chosen embedded P system Π` finally
starts computing as if it were in stand-alone form, as in [4]. This computation
requires a polynomial amount of time, after which either the object yes or no
will be sent out to the surrounding membrane q. That result object then exits
q, setting its charge to negative (thus signalling that the enclosed P system Π`

has been used, and cannot be reused again) and moving to membrane a. When
entering it, the charge is set to positive (if the result object is yes) or negative
(if it is no); the result object is simultaneously rewritten into #.

When membrane a is non-neutral, the object w′0 can enter it, and be sent out
as h0,qy or h0,qn depending on the result; the charge of a is also reset to neutral
to allow further queries. The simulation now proceeds again as in Section 3, until
another oracle query is made or until the computation of M finally terminates.

4.2 Technical details

When the simulated Turing machine enters the query state, an object hi,q? ap-
pears inside the outermost membrane s of ΠM,n. It is immediately subject to
the following evolution rule, which is replicated for 0 ≤ i ≤ 2p(n):

[hi,q? → h′i,q? c1,i · · · c′`−m,i+`−m−1 k′0,i+`−m · · · k′m−1,i+`−1]
0
s

During the next step, the objects c′j,i enter the corresponding membrane labelled
by i, where they are either deleted (if that membrane represents a tape cell
containing 1, i.e., if the j-th clause occurs in the input formula ϕ), or sent back
out as cj (if the tape cell contains 0).

c′j,i [ ]
α
i → [c′j,i]

α
i

[c′j,i → #]+i

[c′j,i]
−
i → [ ]−i cj

 for 0 ≤ i ≤ 2p(n) and 1 ≤ j ≤ `−m and α ∈ {+,−}

The same occurs to the objects kj,i, except that they are deleted when the
corresponding tape cell contains a 0, according to the encoding performed by



the machine EL.

k′j,i [ ]
α
i → [k′j,i]

α
i

[k′j,i → #]−i

[k′j,i]
+
i → [ ]+i kj

 for 0 ≤ i ≤ 2p(n) and 0 ≤ j ≤ m− 1 and α ∈ {+,−}

While the objects encoding the Threshold-3SAT instance are produced, the
object h′i,q? changes the charge of one of the neutral membranes labelled by q
to positive, and moves back to s as w`.

h′i,q? [ ]0q → [hi,q? ]
+
q

[h′i,q? ]
+
q → [ ]+q w`

}
for 0 ≤ i ≤ 2p(n)

The objects cj and kj (which are at most ` in number) are then sequentially
moved to the system Π` corresponding to the positive membrane q.

cj [ ]+q → [cj ]+q
cj [ ]0in → [cj ]0in

}
for 1 ≤ j ≤ `−m

kj [ ]+q → [kj ]+q
kj [ ]0in → [kj ]0in

}
for 0 ≤ j ≤ m− 1

The object w` “waits” until the last object has entered membrane q by decreasing
its subscript

[wi → wi−1]
0
s for 1 ≤ i ≤ `

then it also enters the selected embedded P system Π` in order to initialise its
configuration:

w0 [ ]+q → [w0]
+
q

w0 [ ]0in → [w0]
0
in

[w0 → w′0 i`−m+1 ot+2 not+4]
0
in

The object w′0 is sent back to membrane s, while the newly created objects reach
their actual position and/or subscript insideΠ`, allowing the actual computation
of the embedded P system to start.

[w′0]
0
in → [ ]0in w′0

[w′0]
+
q → [ ]+q w′0

i`−m+1 [ ]0e → [i`−m]0e

[ot+2 → ot+1]
0
in

[not+4 → not+3]
0
in



When the computation of the active instance of Π` terminates, a result object is
sent out to membrane q, and it is moved in order to set the charge of membrane
a appropriately.

[yes]+q → [ ]−q yes

[no]+q → [ ]−q no

yes [ ]0a → [#]+a

no [ ]0a → [#]−a

Now the object w0 can “read” the answer from the charge of a, reset it to neutral
and be rewritten into the corresponding object encoding the new state of the
simulated machine M .

w0 [ ]αa → [w0]
α
a for α ∈ {+,−}

[w0]
+
a → [ ]0a h0,qy

[w0]
−
a → [ ]0a h0,qn

Now the simulation of M continues as in Section 3.

4.3 Main result

We are finally able to prove the result anticipated at the beginning of this section.

Proof (Theorem 1). The previous discussion shows how any polynomial-time
Turing machine equipped with an oracle for Threshold-3SAT can be simulated
with a polynomial slowdown. Since Threshold-3SAT is PP-hard, any other
problem in PP can be efficiently reduced to it by the simulated Turing machine
before performing the query. As a consequence, the whole class PPP is included
in PMCAM(−d,−n). ut

By Toda’s theorem (PH ⊆ PPP) [8], this result implies that the whole
polynomial hierarchy PH is contained in PMCAM(−d,−n), bringing this class
closer to the known PSPACE upper bound [7].

5 Conclusions

We showed how the P systems of an existing uniform family Π with active mem-
branes, deciding a language L, can be embedded into other P systems simulating
Turing machines in order to answer oracle queries for L. Although the technical
details of the construction depend on the specific family Π and on the encoding
of the instances of the problem, we are confident that it can be adapted to most
families of P systems with active membranes already described in the literature,
and possibly to other variants of P systems. However, from a formal standpoint,
this result is still to be proved.



By using this construction, we also improved the previously known lower
bound to the complexity class PMCAM(−d,−n) from PP to PPP; this also
means that the polynomial hierarchy is contained in this class. Giving a more
precise characterisation remains an open question; while at this point the equality
PMCAM(−d,−n) = PSPACE seems to be the most plausible outcome (that
would imply that nonelementary membrane division rules are redundant), we
think it is also worth investigating the possibility that the reverse inclusion
PMCAM(−d,−n) ⊆ PPP also holds; this result would be much more interesting,
as it doesn’t equate a complexity class for P systems with P or PSPACE as it
usually happens.

Being able to generalise the oracle query simulation to arbitrary families
would imply that whenever L ∈ PMCAM(−d,−n), automatically the inclusion
PL ⊆ PMCAM(−d,−n) also holds. Furthermore, if the P systems implementing
the oracle could be modified in order to reset to their initial configuration after
their computation terminates (a condition we conjecture to be true in the case
of the family solving Threshold-3SAT [4]), a more elegant solution could be
provided, where only a single embedded P system is needed, as it could be reused
for subsequent queries.
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